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In this work we study the spin accumulation due to an in-plane electric field in an asymmetric
topological insulator (TI) thin film system with an out of plane magnetic field and an in-plane
magnetization. A TI thin film differs from the more typically studied thick TI system in that
the former has both a top and a bottom surface where the states localized at both surfaces can
couple to each other due to the finite thickness. In typical spin torque experiments on TI thin film
systems, the top and bottom surfaces of the film are asymmetric as the former is in contact with
a ferromagnetic layer while the latter is adjacent to a non magnetic substrate. This may lead to
differing (i) potentials and (ii) magnetization strengths experienced by the top and bottom surface
states. We show, via Kubo formula calculations, that each of these two effects can lead to in-plane
spin accumulation perpendicular to the magnetization direction which are otherwise absent in a
top-bottom symmetric TI thin film system. This spin accumulation results from the breaking of the
antisymmetry of the spin accumulation around the zero magnetic field equal energy contours.
I. INTRODUCTION
In this work we calculate the spin accumulation due
to an in-plane electric field in an asymmetric topological
insulator (TI) thin film [1–3] with an in-plane magnetiza-
tion and out of plane magnetic field. The spin accumula-
tion results in a spin torque acting on the magnetization
which may be used to switch the magnetization direc-
tion. Whereas there have been numerous earlier works
on TI thin films in out of plane magnetic fields [4–9], the
inclusion of an in-plane magnetization has not yet been
studied extensively.
A TI thin film of finite thickness differs from a semi-
infinitely thick TI slab in that the former possess both a
top as well as a bottom surface where the surface states
localized at each surface can couple to each other due to
the finite thickness. The effective Hamiltonian of a TI
thin film system with finite thickness along the z direc-
tion subjected to a magnetization in the x direction and
an out of plane magnetic field in the z direction may be
written as
H0 = vfτz(~pi × zˆ).~σ + ∆tτx + ∆zσz +Mxσx. (1)
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‡ sribbasu@gmail.com
§ elembaj@nus.edu.sg
In the above, the piis are the gauge-invariant momenta
pii ≡ (ki + Ai) where Ai is the ith component of the
electromagnetic vector potential due to the z magnetic
field. (We set e = ~ = 1 throughout this paper.) The
σs are real spins and the τ correspond to whether the
states are localized nearer the top (〈τz〉 = +1) or bottom
(〈τz〉 = −1) surface. The vfτz(~pi × zˆ) · ~σ term hence cor-
responds to two copies of the the Dirac fermion Hamilto-
nian, one for the top surface and the other for the bottom
one, the ∆tτx term the inter-surface coupling between
the top and bottom surfaces, the ∆zσz term the Zeeman
energy due to the magnetic field and/or out of plane mag-
netization, and the Mxσx the coupling with the in-plane
magnetization.
A typical experimental setup for studying spin torques
in TI thin film systems consists of a TI thin film grown
on top of a non-magnetic substrate and a ferromagnetic
(FM) layer deposited on top of the FM layer. The magne-
tization of the FM layer couples to the spin accumulation
in the TI (for example, Refs. 10 and 11 ). The asym-
metry between the top and bottom surfaces of the TI
surfaces can lead to two possible effects. First, the spin
accumulation of the top TI surface may be more strongly
coupled to the FM magnetization than the bottom layer
due to the closer proximity of the latter. Second, there
may be differing contact potentials at the top and bot-
tom TI surfaces due to the different types of materials
( FM versus substrate) at the top and bottom surfaces
of the thin film respectively. We model these two effects
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2by the introduction of two terms to the Hamiltonian – a
Ezτz [12] term corresponding to the potential difference
between the top and bottom surfaces , and a δMxσxτz
term for the differences in the coupling of the spin accu-
mulation to the FM magnetization between the top and
bottom layers.
Introducing the ladder operators a = l√
2
(px −
ipy), a
† = l√
2
(pix + ipy), with the magnetic length
l ≡
√
1
B , the full Hamiltonian reads
H =
iω√
2
τz(σ+a− σ−a†)τz +
∆tτx + ∆zσz + (MxIτ + δMxτz)σx + Ezτz (2)
where ω ≡ vf/l.
In the absence of the (MxIτ + δMxτz)σx term the z
angular momentum is conserved, and H can be rather
easily diagonalized. Following Ref. 9 [? ], we write
H
∣∣∣
Mx=δMx=0
in the basis of the |n, σ = ±,T/B〉 states
where n is the Landau level index, σ = ± is the spin z
up / down state, and T / B stands for Top / Bottom
corresponding to 〈τz = ±1〉. In this basis, H
∣∣∣
Mx=δMx=0
can be broken up into uncoupled block matrices (written
in the order of |n − 1,+z,T〉, |n − 1,+z,B〉,|n,−z,T〉,
|n,−z,B〉)

Ez + ∆z ∆t i
√
2nω 0
∆t −Ez + ∆z 0 −i
√
2nω
−i√2nω 0 Ez −∆z ∆t
0 i
√
2nω ∆t −Ez −∆z
 .
This 4 by 4 matrix can be diagonalized in order to ob-
tain the eigenspectrum for each value of n. In particular,
when Ez = 0, we have, for each value of integer n ≥ 0
four eigenstates |n, α = 0, 1, s = ±1〉 given by
|nαs〉 =
|n− 1, ↑, T 〉(−is(−1)αfnαs+) + |n− 1, ↑, B〉(i(−1)α+sfnαs+)
+|n, ↓, T 〉(−sfnαs−) + |n, ↓, B〉fnαs− (3)
where fnαs± ≡ 12
√
1± ∆+s∆tnαs .
The n index in |n, α, s〉 denotes the Landau level index
of the constituent spin down states while s = ±1 gives
the sign of expectation value of the z angular momentum
of the state.. The α = 0 (α = 1) states correspond
to the particle (hole) states. Analytic expressions for
the normalized eigenstates with finite Ez may also be
obtained but these are rather more messy and not very
informative and will not be stated explicitly. We shall
nonetheless continue to denote the finite Ez eigenstates
as |n, α, s〉.
The inclusion of Mxσx into the Hamiltonian breaks
the z angular momentum conservation. Analytic expres-
sions for the eigenstates in terms of elementary functions
can no longer be obtained. We shall instead include the
effects of the magnetization terms (Mx + δMxτz)σx per-
turbatively up to second order in Mx and/or δMxτz. We
verify the validity of our perturbative approximation by
comparing the eigenspectrum obtained from the exact
numerical diagonalization of Eq. 2, and the second or-
der perturbation expansion of the energy shift due to the
magnetization terms, the difference between the energy
spectrum when Mx and δMx have finite values, and when
both terms are zero)
∆Enαs =
∑
n′,α′,s′ 6=nαs
|〈nαs|(Mxσx + δMxσxτz)|n′α′s′〉|2
Enαs − En′α′s′
Fig. 1 shows that the exact and perturbative values
for the energy and energy shifts agree reasonably well for
one exemplary set of parameters, which will be used for
most of the numerical results that follow.
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FIG. 1. Panel (a) shows the exact (continuous green line)
and second order perturbative energy spectrum (red circles)
near zero energy arranged in ascending order of the Landau
level energies for ∆t = 10 meV, ∆z = 20 meV, Mx = 5 meV,
Ez = 0.01 meV and δMx = 0 and Bz = 30 mT. Panel (b)
shows the exact and second order perturbative energy shifts
between Ez = 0 meV and Ez = 0.01 meV for the energy levels
arranged in the same order as i n panel (a).
We note in passing that treating the magnetization
terms perturbatively give good approximations to the ex-
act eigenenergy spectrum only when the magnetization
terms are weaker than the inter-surface coupling term
∆t. This is because a topological phase transition occurs
3when (for δMx = Ez = 0), Mx > ∆t [9], which cannot
be captured perturbatively.
II. KUBO FORMULA
We calculate the spin accumulation resulting from ap-
plying an in-plane electric field in the ith direction Ei to
the TI thin film by using the Kubo formula
〈δO〉/Ei =∑
nγ 6=n′γ′
Im〈nγ1|O|n′γ′1〉〈n′γ′1|Ji|nγ1〉 nnγ − nn
′γ′
(Enγ − En′γ′)2(4)
where O is an arbitrary operator, Ji and Ei are the
ith component of the current and electric field respec-
tively, and γ, γ′ are shorthand collective indices standing
for α and s. The 1 superscript in the bras and kets
denote that these are the first order perturbed states
|nγ1〉 ≡ |nγ〉 + |δnγ〉 where |nγ〉 are the unperturbed
eigenstates with Mx = δMx = 0, and |δnγ〉s the first
order perturbed states [13] given by the standard non-
degnerate time-independent perturbation theory
|δnγ1〉 =
∑
n′γ′ 6=nγ
|n′γ′〉 〈n
′γ′|V |nγ〉
Enγ − En′γ′ (5)
where V is either Mxσx or δMxσx. Some of the terms
which give non-zero contributions up to second order in
|δnγ〉 are (for notational simplicity we now lump all the
state indices together and refer to them collectively as
a,b,c, and d )
(Im〈a|O|c〉〈c|V2|d〉〈d|J |b〉〈b|V1|a〉)×(
na − nc
(ea − eb)(ec − ea)2(ec − ed)
+
nc − nb
(ea − eb)(eb − ec)2(ec − ed)
+
nb − nd
(ea − eb)(eb − ed)2(ec − ed)
+
nd − na
(ea − eb)(ed − ea)2(ec − ed)
)
. (6)
These terms can be schematically represented in the
Feynman diagram of Fig. 2. Each of the four terms
corresponds to one of the four possible combinations of
taking the difference between the Fermi-Dirac occupancy
factors of one of the two upper lines and one of the two
lower lines.
Indeed if one were to interpret the lines in Fig. 2 as
Matsubara Green’s functions and read off from the dia-
gram directly one would obtain
− 1
β
∑
iqn
(
Ga(i(ωn + qn))OacGc(iqn)
V2;cdGd(iqn)JdbGb(iωn + qn)V1;ba
)
.
jo
v
1
v
2
a b
c d
FIG. 2. The diagrammatic representations of the Kubo
formula for an observable O due to an in-plane electric field
resulting in current J . The V vertices represent either Mxσx
and / or δMxσxτz.
Evaluating the Matsubara sum over iqn, performing the
analytic continuation iωn → ω + iη and then taking the
limit ω → 0 and retaining only the non-divergent terms
gives exactly the same terms as Eq. 6.
It is instructive to first study the spin accumulation
in the absence of asymmetry, i.e. when δMx = Ez = 0.
When Ez = 0, we have
〈nαs|Ji|n′α′s′〉 ∝ δ|n−n′|,1δs,s′ (7)
〈nαs|σi|n′α′s′〉 ∝ δ|n−n′|,1δs,−s′ (8)
where Ji and σi are the current and spin operators in the
ith direction, i being on the xy plane.
With these relations between the values of n and the
signs of s in the ‘input’ and ‘output’ lines of the vertices
in place, it is easy to see that there are no terms with
up to two multiplicative factors of Mx that will give a
finite in-plane spin accumulation upon the application of
an electric field. This is because in the zeroth order term,
i.e. Fig. 6 without the two V vertices, the O = σi vertex
flips the signs of s between its ‘input’ and ‘output’ lines
but the Ji vertex needs s in both its input and output
lines to have the same sign to give a finite contribution.
The first order terms, i.e. Fig. 6 without one of the V s
on either the top or lower lines and with the remaining
V = Mxσx, has zero contribution because of the mis-
match between the n indices. For example, one can see
that after traversing the rest of the diagram the differ-
ence in the n indices of the input and output lines of any
of the three vertices (Ji, V = Mxσx and O = σj) is 0 or
±2 whereas the difference has to be ±1 to yield a finite
input. The second order term with V1 = V2 = Mxσx also
has zero contribution because after traversing the rest of
the diagram the s in the input and output legs of the
O = σi vertex have the same signs but we need them to
have the same sign to obtain a finite contribution.
The introduction of asymmetry breaks these restric-
tions, and leads to a finite 〈δσi〉 spin accumulation. We
first discuss the effects of an asymmetric magnetization,
modeled by the addition of a δMxσx term to the Hamil-
tonian.
4III. ASYMMETRIC MAGNETIZATION
When Ez = 0, we have
〈nαs|τzσi|n′α′s′〉 ∝ δ|n−n′|,1δs,s′ .
Unlike a σi vertex which only gives finite contribution
for s = −s′, the σiτz vertex has finite contributions for
s being of the same sign as s′. This leads to a diagram
of the structure of Fig. 6 with one of the two V vertices
being Mxσx and the other being δMxσxτz giving a finite
contribution with O = σi. ( Diagrams with both V1 =
V2 = δMxσxτz do not give finite contributions. )
On top of the summation over the four possible com-
binations of choosing one of the two upper lines and
one of the two lower lines to take the difference of their
Fermi-Dirac occupancy factors explicitly written out in
Eq. 6, each of the four terms there usually gives six
terms. These six terms correspond to the possible com-
binations of whether the n indices are incremented or de-
creased by one across each of the four vertices σi, V1, V2
and Ji while maintaining the requirement that the ab-
solute value of the difference between the n indices of
the states at the input and output lines of every ver-
tex remains one. We also need to sum over the two
choices of making V1 = Mxσx,V2 = δMxσxτz, and
V1 = δMxσxτz,V2 = δMxσx. (The only cases where there
are less than six terms is when n < 0 is encountered for
some of the terms. ) Thus, suppressing the α state in-
dices for notational simplicity and implicitly summing
over the internal α indices, we have
〈δσi〉 =
∑
n,s
[
(
nn,s − n−1+n,s
(E−1+n,s − En,s)2 +
n−1+n,s − n−1+n,−s
(E−1+n,s − E−1+n,−s)2 +
nn,s − nn,s
(En,s − En,s)2 +
n−1+n,−s − nn,s
(En,s − E−1+n,−s)2
)
×
Im
( 〈n, s|δMxσxτz| − 1 + n, s〉〈−1 + n, s|Ji|n, s〉〈n, s|Mxσx| − 1 + n,−s〉〈−1 + n,−s|σi|n, s〉
(E−1+n,s − En,s)(En,s − E−1+n,−s)
)
+
(
n−2+n,s − n−1+n,s
(E−1+n,s − E−2+n,s)2 +
n−1+n,s − n−1+n,−s
(E−1+n,s − E−1+n,−s)2 +
nn,s − n−2+n,s
(En,s − E−2+n,s)2 +
n−1+n,−s − nn,s
(En,s − E−1+n,−s)2
)
×
Im
( 〈n, s|δMxσxτz| − 1 + n, s〉〈−1 + n, s|Ji| − 2 + n, s〉〈−2 + n, s|Mxσx| − 1 + n,−s〉〈−1 + n,−s|σi|n, s〉
(E−1+n,s − En,s)(E−2+n,s − E−1+n,−s)
)
+
(
nn,s − n−1+n,s
(E−1+n,s − En,s)2 +
n−1+n,s − n1+n,−s
(E−1+n,s − E1+n,−s)2 +
nn,s − nn,s
(En,s − En,s)2 +
n1+n,−s − nn,s
(En,s − E1+n,−s)2
)
×
Im
( 〈n, s|δMxσxτz| − 1 + n, s〉〈−1 + n, s|Ji|n, s〉〈n, s|Mxσx|1 + n,−s〉〈1 + n,−s|σi|n, s〉
(E−1+n,s − En,s)(En,s − E1+n,−s)
)
+
(
nn,s − n1+n,s
(E1+n,s − En,s)2 +
n1+n,s − n−1+n,−s
(E1+n,s − E−1+n,−s)2 +
nn,s − nn,s
(En,s − En,s)2 +
n−1+n,−s − nn,s
(En,s − E−1+n,−s)2
)
×
Im
( 〈n, s|δMxσxτz|1 + n, s〉〈1 + n, s|Ji|n, s〉〈n, s|Mxσx| − 1 + n,−s〉〈−1 + n,−s|σi|n, s〉
(E1+n,s − En,s)(En,s − E−1+n,−s)
)
+
(
nn,s − n1+n,s
(E1+n,s − En,s)2 +
n1+n,s − n1+n,−s
(E1+n,s − E1+n,−s)2 +
nn,s − nn,s
(En,s − En,s)2 +
n1+n,−s − nn,s
(En,s − E1+n,−s)2
)
×
Im
( 〈n, s|δMxσxτz|1 + n, s〉〈1 + n, s|Ji|n, s〉〈n, s|Mxσx|1 + n,−s〉〈1 + n,−s|σi|n, s〉
(E1+n,s − En,s)(En,s − E1+n,−s)
)
+
(
n2+n,s − n1+n,s
(E1+n,s − E2+n,s)2 +
n1+n,s − n1+n,−s
(E1+n,s − E1+n,−s)2 +
nn,s − n2+n,s
(En,s − E2+n,s)2 +
n1+n,−s − nn,s
(En,s − E1+n,−s)2
)
×
Im
( 〈n, s|δMxσxτz|1 + n, s〉〈1 + n, s|Ji|2 + n, s〉〈2 + n, s|Mxσx|1 + n,−s〉〈1 + n,−s|σi|n, s〉
(E1+n,s − En,s)(E2+n,s − E1+n,−s)
)
+ (Mxσx ↔ δMxσxτz)
]
.
The terms before the last line correspond to V1 =
δMxσxτz and V2 = Mxσx, while the last line refers to
terms with V1 = Mxσx and V2 = δMxσxτz.
Fig. 3a shows the calculated 〈σy〉/Ey for a TI thin film
at various values of Bz indicated on the figure legend [?
] for an exemplary parameter set of vf = 5× 105 ms−1,
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FIG. 3. (a) 〈σy〉/Ex for vf = 5 × 105m/s (which is typical
for Bi2Se3, Mx = 5 meV ∆t = 10 meV and ∆z = 20 meV .
(b) shows the dispersion relation of the TI thin film system
without the out of plane magnetic field at ky = 0. The dis-
persion relations between when the effective magnetization is
5 meV on the top and bottom surfaces, and when it is 5 meV
on the top surface and 4.5 meV at the bottom one are not
visually distinguishable at the scale of the plot. The inset
shows a zoomed in view of the lowest energy particle band
around kx = 0 showing the difference in the dispersion re-
lation between when δMx has a finite value (solid line) and
when δMx = 0 (dotted line).
∆t = 10 meV and ∆z = 20 meV and a magnetization of
5 meV in the +x direction on the top surface, and 4.5meV
on the bottom surface. The inset of panel (b) shows that
the finite δMx leads to a small shift in the energies of
the zero magnetic-field energy bands. We study the spin
accumulation in the y direction as this is perpendicular
to the magnetization direction and can exert a torque on
the magnetization.
The features present in the spin accumulation as a
function of energy can be related to the dispersion re-
lation in the absence of the out of plane magnetic field
(panel (b)). We take this opportunity to discuss some
features of the zero magnetic field band structure when
Mx  ∆t, and δMx = Ez = 0. In this regime, the
combination of the out of plane magnetization / Zeeman
splitting ∆z and in-plane magnetization Mx leads to a
bandgap of 2|∆t −
√
M2x + ∆
2
z| between the particle-like
and hole-like states. The inter-surface coupling lifts the
degeneracies of the energy bands corresponding to states
localized at the top / bottom surface, resulting in the
formation of two particle (hole)-like bands where the en-
ergy increases (decreases) monotonically with |k|. The
introduction of a small finite δMx (inset of panel (b) )
results in a shift in the energies of the bands.
Referring back to Fig. 3 now, the zero spin accu-
mulation Fermi energies at |Ef | < 10 meV corresponds
to Fermi energies falling within the zero-magnetic field
bandgap. The kinks in the spin accumulation near
Ef = 0.03 meV in turn correspond to the emergence of
the higher energy zero-field particle subband. The incre-
ment of the spin accumulation with Ef occurs at a slower
rate above Ef = 0.03 meV because the contribution of
the higher energy subband to the spin accumulation has
an opposite sign to that of the lower energy particle sub-
band. The magnitude of the spin accumulation increases
with deceasing out of plane magnetic field. (Despite the
plot appearing to be symmetric about Ef = 0 at the
scale of the plot, this symmetry is in fact broken by the
finite ∆z [9]. )
IV. ASYMMETRIC POTENTIAL
We now turn our attention to the effects of the Ezτz
term. In the presence of a finite Ez, the Kronecker delta
relations between s and s′ in Eqs. 7 and 8 no longer
apply, so that now in general
〈nαs|O|n′α′s′〉 ∝ δ|n−n′|,1, O = Jx, Jy, σx, σy
has a finite value regardless of the relative signs of s and
s′. This implies that even in the absence of asymmetric
magnetization (δMz = 0), there are diagrams up to sec-
ond order in Mxσx which give a finite 〈δσi〉 contribution.
These diagrams are, namely, the zeroth order diagram
which is Fig. 2a without the two V vertices, and the sec-
ond order diagram where the two vertices in Fig. 2 both
correspond to Mxσx. ( Similar to the Ez = 0 case in
the previous section, the first order diagrams which only
has a V = Mxσx vertex along the upper or the lower
line do not give finite contributions because of the n in-
dex mismatch. ) We do not consider the zeroth order
diagram here, as it does not capture the in-plane mag-
netization. The explicit expression for the second order
〈δσy〉 contribution (not shown) is almost as cumbersome
as the corresponding expression shown earlier for finite
δMx, and has a similar form except that we now need to
sum over all the internal s indices as well.
Fig. 4 shows the spin y accumulation due to an electric
field in the x direction for the same set as parameters as
in Fig. 3 with the exceptions that here Mx = 5 meV for
both the top and bottom surfaces, and Ez = 0.01 meV.
Similar to the case where there is asymmetric magneti-
zation, the second order Mx spin accumulation due to Ey
is zero when the Fermi energy falls within the zero-field
band gap and increases with decreasing out of plane field.
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FIG. 4. (a) 〈σy〉/Ex for a vf = 5 × 105m/s , ∆t = 10 meV
and ∆z = 20 meV, Mx = 5 meV, δMx = 0, Ez = 0.01 meV
TI thin film system due to an electric field in the y direction.
(b) shows the dispersion relation of the TI thin film system
without the out of plane magnetic field at ky = 0. The dis-
persion relations when Ez is finite, and when it is 0, is not
visually distinguishable at the scale of the plot. The inset
shows a zoomed in view of the lowest energy particle band
around kx = 0 showing the difference in the dispersion rela-
tion between when Ez has a finite value (solid line) and when
Ez = 0 (dotted line.)
The rate of increase of the spin accumulation with Ef
here also decreases once Ef rises above the band bottom
of the higher energy zero field band because the contribu-
tion of this band to the spin accumulation is of opposite
sign to that due to the lower energy particle band. Dif-
fering from the contribution due to asymmetric magne-
tization, the sign of the spin accumulation here switches
with the sign of Ef .
V. ORIGIN OF SPIN ACCUMULATION
We offer an intuitive explanation of the spin accumula-
tion. Each discrete Landau level may roughly be thought
of as coming from the collapse of the zero magnetic field
states in the energy vicinity of the Landau level into a
single value of energy, as illustrated schematically in Fig.
5(a). (We have exaggerated the values of B and δMx in
the figure compared to the parameters in our actual cal-
culations for expositional ease – the features we highlight
would not have been visible at the scale of the figures
otherwise. ) .
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FIG. 5. (a) The collapse of the zero-field energy bands for
the parameters in Figs. 4 and 3 (except that Ez = δMx = 0)
into the s = 1 (red) and s = −1 (blue) Landau levels for
B = 60 T, represented by the thick lines on the right. (b)
shows the directions and relative magnitudes of the in-plane
spin accumulation of the two zero-field bands at E = 0.05 eV.
The inset shows how the rotation of the spins (from the di-
rection of the dotted green arrow to the solid green arrow) at
a given ~k value as the ky value is shifted upwards implies the
existence of an effective exchange field in order to exert the
torque (solid purple arrow) needed to rotate the field, and
which confers a corresponding spin accumulation in the di-
rection of the field. (c) shows the relative magnitudes of the
spin y accumulation at different points on the E = 0.05 eV
zero-field equal energy contour. Panel (d) shows a finite δMx
breaks the exact antisymmetry of the spin accumulation. The
solid line is the spin y accumulation plotted as a function of
angular coordinate φ around the EEC of the higher energy
particle band (i.e. the smaller circle) for a finite Mx. The
dotted line is the solid line reflected about both φ = 0 and
〈δσy〉 = 0. The fact that the line and its reflection do not
overlap exactly indicates that spin y accumulation is not ex-
actly antisymmetric.
In our system, each of the two zero-field subbands col-
lapses into the Landau level states |nαs〉 with different
s indices. One may therefore gain some insights about
the spin accumulation in a Landau level by studying the
spin accumulation in the constituent zero-field states that
make up the Landau level. Panel(b) of the figure shows
the in-plane spin accumulation directions 〈~σ〉 along the
E = 50 meV equal energy contours for the two particle
7bands present at the parameter set of Figs. 3 and 4 with
δMx = Ez = 0.
The spin accumulation at each point on the EEC may
be thought of as being due to a ~k-dependent spin-orbit
interaction field ~b(~k). Applying an electric field in the
y direction causes an small shift in the ky component
of each point on the EEC so that the spin at each ~k
point now adiabatically rotates to point to the direction
of the spin-orbit interaction field at the new, ky shifted
~k point (inset of panel(b)). ( Refer to Ref. 14 for more
details.) The electric field induced rotation of the spin
accumulation at each ~k point may be thought of as being
due to an effective exchange field pointing in the bˆ×∂kb bˆ
direction which not only provides the torque needed to
effect the rotation but also confers a spin accumulation in
the direction of the effective exchange field [14–19]. Panel
(c) of the figure shows the distribution of the resulting Ey
induced spin y accumulation on each of the EEC points.
In the absence of the Ezτz and δMxσxτz terms the spin
y accumulation is antisymmetric and cancels out exactly.
The introduction of either term breaks the exact antisym-
metry (panel (d)) of the spin accumulation and results
in a finite spin y accumulation after summing over the
entire EEC, and a further sum over the energy ranges
falling within a Landau level after the out of plane mag-
netic field is applied.
VI. CONCLUSION
In this work we studied the electric-field induced spin
accumulation in a topological insulator thin film sys-
tem with an out of plane magnetic field and an in-plane
magnetization. We showed that the second order per-
turbative calculation for the in-plane magnetization ade-
quately reproduces the exact energy spectrum, and then
used the Kubo formalism to calculate the spin accumula-
tion perpendicular to the magnet due to an electric field.
The electric field does not lead to a finite spin accumu-
lation to second order in the magnetization in a TI thin
film which has inversion symmetry with respect to the
top and bottom surfaces due to the restrictive relations
linking the Landau level matrix elements of the magneti-
zation, spin and current operators involved in the Kubo
calculation. We then saw that the introduction of two
types of asymmetry – (a) a scalar potential difference
and (b) differing magnetization magnitudes – between
the top and bottom surfaces of the film – relaxes these
restrictions and leads to the emergence of finite spin ac-
cumulation for Fermi energies falling outside the zero-
magnetic field bandgap. This spin accumulation results
from the breaking of the antisymmetry of the spin ac-
cumulation around the zero-magnetic field equal energy
contours.
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